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ABSTRACT:- Triangular numbers a fascinating sequence of integers, having captured the
attention of mathematicians for centuries their geometric representation as well as their
intriguing properties, have made them exploration, we will delve into the world of triangular
numbers examining their definition properties, application and historical significance.
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Introduction :- A triangular number is a number that represents the sum of the first n natural
number. In other words it is the total number of dots. rquired to from an equilateral triangle with
n dots on each side. for example third triangular number is 6 as it can be represented by a triangle
with 3 dots on each side.
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A Triangular number is defined as a number of the fromn(n + 1)/2 which is the sum of the first

n natureal numbers. For n = 1,2,3 ------- we have the 1st, 2nd, 3rd------- triangular numbers
respectively, In General we write

A(n) = n(n + 1)/2 For the nth triangular number

For the nth triangular number.the formation of triangular number of Geometry origin and goes
back to pythagorians in 6th century B.C.

Here we shall obtain all integral solution of the equation

A(x) +A(y) = A(2)

Journal of Interdisciplinary and Multidisciplinary Research
Email:-researchjimr@gmail.com, https://www.jimrjournal.com/
(An open access scholarly, peer-reviewed, interdisciplinary, monthly, and fully refereed journal.)

12



d b Journal of Interdisciplinary and Multidisciplinary Research (JIMR)
JIMR E-ISSN:1936-6264| Impact Factor: 3.886|
Vol. 05 Issue 12, December-2010

,;\‘ ®  Available online at: https://www.jimrjournal.com/

(An open access scholarly, peer-reviewed, interdisciplinary, monthly, and fully refereed journal.)

ie xx+1D)+yy+1)=2z(z+1) (1)
Let x, y, z be a solution of (1) we write this equation as
x>’ +x+y’+y=2z>+z
sx(x+1)=z2-y’+z—-y
>xx+D)=0z-y)z+y)+(@-y)
>xx+1D)=C-y)(z+y+1)
== 0

= — =
z=y x+1

Letx,(z—y)=aand (x+1)(z+y+1) =8

Thuswe x = au z—y=au'

andx +1 = Bv z+y+1)=pv 3)

Where u,u’, v, v’ are positive integers such that (u,u) = 1and (v,v) =1
Then from equation (1) we get

!

uv=uv

u '
==
Since (w,u) =1and (v,v) =1
Sowe haveu =v'andu' = v
Now from equation (3) we have
z—y=au'
z+y+1=pv

After subtraction we get
—2y—1=au —pv'
—2y=1+au —pv'
2y=pBv —au —1
2y=Pu—av-—1
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=2y =fu—av— (fv—au)
Sincex=cquandx+1=pFv=> 1= (fv—au)
Now2y=Bu—av—LBu+av=2y=u(a—p)— v(a+p)
So, 2y = (a+ B)(u—"v) 4)
Since y > 0, we have u > v
Again fromequation (3) we have
z—y=au
z+y+1=pv
After Adding 2z = au'+ v — 1
>2z=av+fu-—-1 ®)

If x is odd,a and u are both odd and so Sv is even but 8, v cannot be both even as is seen from
the last equation

Hence one of B, v is even and the other is odd

Again from above equation (3) we get

X =au
x+1=pv
After adding , we get
2x+1=pv+au
2x =au+pfv—1 (6)

If x is even we see in like manner that g and vare both odd and one of a and u is even and the
other is odd. Hence three of a, 5, u, v are odd and the fourth one is even.

Thus the values of y and z are integers.
Conversely :- The values of x, y, z as obtained above satisfy the equation (1)

Theorem:-All Integral solutions of x(x+D)+yly+1)=z(z+1)
aregivenby x = au = (au + fv —1)/2
y=Pu—av—-1)/2z=Pu—av—-1)/2
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Wereea, 5, u, v are positive integers u > v, f > v such that any three of them are odd and the
fourth one is even, and which satisfy the condition.

pv—au=1
In Particular Ifweleta=k B=3k+1, u=3, v=1
Sothat fjv —au=3k+1-3k=1
Now From equations (3) and (4) we get
AQk) + A(4k +1) = A5k + 1)
or3k(3k + 1) + (4k + 1)(4k + 2) = (5k + 1)(5k + 2) (7)
as a solution of (1) in one parameter K .
Example :- If k = 1,2,3 then from equation (7) we have
AQB) + A(5) = A(6) i.e 3.4+5.6=6.7
A(6) +A(9) = A(11) i.e 6.7 +9.10 = 11.12
A(9) + A(13) = A(16) i.e 9.10 + 13.14 = 16.17

The above results says that every 5k + 1 the triangular number can be expressed as a sum of two
triangular numbers namely as a sum of 3k thand 4K + 1 thtriangular numbers.

Ifweleta=1,=3,u=3k+2, v=k+1
we have similarly get
AQ3k + 2) + A(4k + 2) = A(5k + 3) (8)

and so every 5k + 3 th triangular number can be expressed as sum of two triangular numbers
namely as a sum of (3k + 2)th and (4k + 2)th triangular numbers.

Example :-
If k = 1,2,3 then from equation (8) we get
A(5) + A(6) = A(8) i.e 5.6+ 6.7 =89
andA(8) + A(10) = A(13) i.e 89+ 10.11 = 13.14
and again A(11) + A(14) = A(18) i.e 11.12 + 14.15 = 18.19

we next deduce
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let P(n,p) = 2°* ( 2°*) where p and 2 P are prime denote the n th even per fect number.
The P(n,p) th triangular number can be expressed as a sum of two triangular number.

Proof :- Every even Perfect Numbers ends in 6 or in 8 and so p(n,p) =1 or 3 (mod 5 ) and the
Proof Follows form the above observations .

Properties of Triangular Numbers
Triangular numbers possess several interesting properties:

1. Sum of Consecutive Triangular Numbers: The sum of two consecutive triangular numbers is
always a square number. For example, 3 + 6 = 9,which is a square number.

2. Relationship to Square Numbers: The square of a triangular number is always the sum of the
cubes of the natural numbers from 1 to the triangular number's position. For instance, the square
of the third triangular number (6) is 36, which is equal to 13 + 23 + 33

3. Divisibility: Every triangular number is either a multiple of 3 or a multiple of 2.
4.Parity: The parity of a triangular number alternates between odd and even.

5. Relationship to Pentagonal Numbers. The sum of a triangular number and a pentagonal
number is always a hexagonal number.

Applications of Triangular Numbers
Triangular numbers have various applications in different fields:

1. Number Theory: They are used in the study of number theory, particularly in problems related
to divisibility, congruence, and Diophantine equations.

2. Combinatorics: Triangular numbers count the number of combinations of in objects taken 2 at
a time, which is useful in various combinatorial problems

3. Geometry: They are related to the geometry of polygons, particularly triangles and hexagons.

4. Physics: Triangular numbers appear in certain physical phenomena, such as the distribution of
particles in a crystal lattice.

Conclusion:-

Triangular numbers have a long history, dating back to ancient civilizations. The ancient Greeks
including Pythagoras and his followers, studied triangular numbers as part of their mathematical
investigations. They recognized their geometric properties and their relationship to other
numbers.
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In later centuries, mathematicians continued to explore triangular numbers, discovering new
properties and applications. The Indian mathematician Aryabhatta provided a formula for
calculating triangular numbers and the Persian mathematician Al-Karaji used triangular numbers
in his work on algebra.

Triangular numbers, with their elegant geometric representation and fascinating properties, have
captivated mathematicians for centuries. Their applications in various fields, from number theory
to combinatorics and geometry, demonstrate their enduring significance. As we continue to
explore the depths of mathematics, triangular numbers will undoubtedly remain a valuable and
intriguing subject of study.
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